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EXTENDED TQFTS VIA GENERATORS AND RELATIONS I:
THE EXTENDED TORIC CODE.
BRUCE BARTLETT AND GERRIT GOOSEN
Abstract. In his PhD thesis [13], Goosen combined the string-net and the
generators-and-relations formalisms for arbitrary once-extended 3-dimensional
TQFTs. In this paper we work this out in detail for the simplest non-trivial
example, where the underlying spherical fusion category is the category of
Z/2Z-graded vector spaces. This allows us to give an elementary string-net
description of the linear maps associated to 3-dimensional bordisms. The
string-net formalism also simplifies the description of the mapping class group
action in the resulting TQFT. We conclude the paper by performing some
example calculations from this viewpoint.
1. Introduction
The purpose of this paper is to explain the string-net description of the extended
Turaev-Viro topological quantum field theory from [13] in the simplest non-trivial
case, namely the extended toric code.
Topological quantum field theories. In mathematics, an n-dimensional topo-
logical quantum field theory (TQFT) is defined (following Atiyah and Segal) as
a representation of the n-dimensional bordism category Bordorn . That is, an n-
dimensional topological quantum field theory is a symmetric monoidal functor
(1) Z : Bordorn → Vect
where Bordorn is the symmetric monoidal category whose objects are closed oriented
(n − 1)-manifolds and whose morphisms are equivalence classes of n-dimensional
cobordisms between them, and Vect is the symmetric monoidal category of finite-
dimensional vector spaces and linear maps.
Two-dimensional TQFTs are classified by commutative Frobenius algebras, while
the study of three-dimensional TQFTs is particularly rich, bringing together var-
ious topics in low-dimensional topology and representation theory such as the
Jones polynomial, Chern-Simons gauge theory, loop group representations, quan-
tum groups, and affine Lie algebras.
Extended topological quantum field theories. A n-dimensional TQFT de-
fined as in (1) is only required to respect gluing along (n− 1)-dimensional bound-
aries. A TQFT which additionally respects gluing along (n−2)-dimensional bound-
aries (and possibly also higher codimensional boundaries) is called an extended
TQFT. Different authors have defined extended TQFTs in slightly different ways.
One common approach is to express the extra gluing laws in the language of higher
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categories, which is the approach we adopt in this paper. Specifically, by an ex-
tended 3-dimensional TQFT (also known as a 1-2-3 TQFT) we will mean a sym-
metric monoidal bifunctor
(2) Z : Bordor123 → Prof .
Here Bordor123 is the symmetric monoidal bicategory whose objects are closed ori-
ented 1-dimensional manifolds, whose 1-morphisms are 2-dimensional compact ori-
ented cobordisms, and whose 2-morphisms are diffeomorphism classes of 3-dimensio-
nal compact oriented cobordisms (i.e. 3-manifolds with corners, see [23]), while
Prof is the symmetric monoidal bicategory whose objects are linear categories,
morphisms are profunctors and 2-morphisms are natural transformations (see Sec-
tion 2). Note that Prof is equivalent to the bicategory 2Vect of 2-vector spaces
(see Lemma 4), which is more commonly used as the target bicategory for extended
TQFTs. Using Prof as target is more convenient in our setting as it allows the
graphical calculus to employ only string-nets labelled by the original spherical fu-
sion category A, thereby avoiding Cauchy completion and string-nets labelled by
the Drinfeld double Z(A) as in [19] (see Remark 5).
The Turaev-Viro model. For every spherical fusion category C (a finitely semim-
simple tensor category with coherent duals, see [11]), there is an associated 3-
dimensional TQFT ZTVC called the Turaev-Viro model. (In fact, Turaev and Viro
only constructed it for the special case where C = RepUqsl2(C) at a root of unity q,
while Barrett and Westbury generalized the construction to an arbitrary spherical
fusion category C). The vector space ZTVC (Σ) associated to closed surface Σ in the
model is defined by first choosing a triangulation ∆ for Σ, which gives rise to a
vector space W∆ and a projector P acting on W∆. The vector space Z
TV
C (Σ) is the
image of this projector, and is independent of the triangulation ∆. In particular,
when G is a finite group, then we can take C = Vect[G], the category of G-graded
vector spaces. The resulting 3-dimensional TQFT ZTVVect[G] is known to be isomor-
phic to the Dijkgraaf-Witten model (which builds a TQFT by counting principal
G-bundles).
The extended Turaev-Viro model. In a series of papers [3, 4, 1, 2], as an
important part of their proof that the Turaev-Viro model associated to a spherical
fusion category C is equivalent to the Reshetikhin-Turaev model associated to the
Drinfeld centre Z(C) (a different proof is given in [25]), Balsam and Kirillov gave a
definition of the Turaev-Viro model as an extended TQFT. Note that their definition
of an extended TQFT is not expressed in the language of higher categories and
cannot be directly compared with Definition 2, but it is nevertheless very similar.
The toric code. The toric code is a lattice model for fault-tolerant topological
quantum computation introduced by Kitaev [20]. Given a closed surface Σ with
a triangulation ∆, one can define a Hamiltonian (a sum of mutually commuting
projectors) acting on a large vector space H(Σ,∆) whose ground state space V (Σ)
(lowest eigenvalue eigenspace) is the ‘topologically protected subspace’, which is
resistant to errors and does not depend on the triangulation ∆. Levin and Wen
showed [21] that this ground state space V (Σ) of the toric code can be interpreted
as the TQFT vector space Z(Σ) where Z is the 3-dimensional Turaev-Viro TQFT
coming from the finite group Z/2Z. Moreover, they showed that V (Σ) can be
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defined elegantly without the construction of a lattice, in the language of string-
nets.
Kirillov’s string-net model. This relationship between the Kitaev lattice model,
the Levin-Wen string-net model, and the Turaev-Viro TQFT associated to Z/2Z,
was explored further by Kirillov in [18] (see also [5]). In this paper a careful mathe-
matical treatment of the Levin-Wen string-net formulation of the model was given,
for an arbitrary spherical fusion category C, and its relationship to the Turaev-Viro
TQFT vector spaces explored. In particular, Kirillov showed how to formulate the
string-net model on a surface with boundary by imposing boundary conditions on
the string-nets. Moreover, he showed that the resulting vector space of string-nets
on a surface with boundary is isomorphic to the vector spaces in the extended
Turaev-Viro model, as defined in [2].
The action of cobordisms on string-nets. Although [18] described the vector
spaces of string-nets associated to closed surfaces as well as surfaces with boundary,
it did not describe how the linear maps associated to 3-dimensional cobordisms act
on these vector spaces. This is the problem that was investigated by Goosen [13] in
his PhD thesis. By using the generators-and-relations description of a 1-2-3 TQFT
from [8, 9], Goosen was able to give explicit graphical rules for how the linear maps
Z(M) associated to 3-dimensional cobordisms M act on string-nets. This gave, for
the first time, a graphical description of the Turaev-Viro TQFT completely in the
language of string-nets. In addition, this is a description of Turaev-Viro theory as
an extended TQFT in the sense of (2).
Extended toric code via string-nets. The purpose of this paper is to spell
out the string-net description of the extended Turaev-Viro TQFT from [13] in the
simplest non-trivial case. Namely, the finite group model associated to G = Z/2Z;
that is, the extended toric code. It makes sense to work out the theory explicitly
for the toric code as this is the example which motivated the entire formalism of
string-nets, as explained above. In this example, the spherical fusion category is
Vect[Z/2Z], which has a very simple graphical calculus, making the linear maps
associated to the generating 3-dimensional cobordisms particularly easy to under-
stand (see Remark 14).
Outline of paper. In Section 2 we recall the generators-and-relations presenta-
tion of the oriented 1-2-3 bordism bicategory Bordor123 from [8], and we describe
explicitly what it means to formulate an extended TQFT in this language. In Sec-
tion 3 we specialize the general definition of the string-net space of a surface with
boundary from [18] to the case of the toric code, resulting in an elementary graph-
ical definition (see Definition 11). In Section 4 we spell out explicitly, at the level
of string-nets, what the generating objects, generating 1-morphisms and generat-
ing 2-morphisms of Bordor123 are sent to in Prof , and show that they satisfy the
relations from [8]. This proves that these assignments define an extended TQFT.
Finally, in Section 5 we perform some example calculations to illustrate how this
formalism works in practice. Namely, we compute the dimension of the string-net
vector spaces, the mapping class group action on the torus and the quantum in-
variants of lens spaces, using the string-net formalism that we have defined in the
preceding sections.
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2. The Modular Presentation
The generators-and-relations description of 1-2-3 TQFTs, discovered by Bartlett,
Douglas, Schommer-Pries, and Vicary [6, 7, 8, 9] is one of our main ingredients,
and is used throughout the remainder of the paper. In order to make the paper as
self-contained as possible (as well as to establish notational conventions), we review
their construction briefly here.
We recall some definitions. In what follows, we write Vect for the category of
finite-dimensional complex vector spaces.
Definition 1. The bicategory Prof is defined as follows:
• An object is a Vect-enriched category C.
• A morphism F : C −7→ D is a Vect-enriched profunctor1, i.e. a Vect-enriched
functor F : DopC → Vect, where  is the enriched tensor product of Vect-
enriched categories2. For two profunctors F : C −7→ D and G : D −7→ E , the
composite
(3) G ◦ F : Eop  C → Vect
is defined by
(4) (G ◦ F )(e, c) :=
⊕
d∈D
(G(e, d)⊗ F (d, c))/∼
where ∼ is the equivalence relation generated by the relation g · x ⊗ f ∼
g ⊗ x · f for all g ∈ G(e, d), f ∈ F (d′, c), and x ∈ HomD(d, d′).
• The 2-morphisms in Prof are natural transformations between the associ-
ated Vect-valued ordinary functors.
• The monoidal structure is given by the enriched tensor product and the
symmetric monoidal structure is given by the canonical ‘swap’ profunctors.
Definition 2. The bicategory Bordor123 is defined
3 as follows:
• An object is a closed oriented 1-manifold, i.e. a disjoint unions of a finite
(possibly zero) number of circles.
(5) · · ·
• A 1-morphism is a compact oriented 2-dimensional cobordisms between the
objects. For instance, the picture below is a 1-morphism from one copy of
S1 to two copies of S1.
(6)
Composition works by gluing the manifolds together in the obvious way.
1We shall simply call them profunctors from now on, with values in Vect being understood.
2The objects of CD consist of pairs of objects (c, d) ∈ C×D, and the morphism vector spaces
are given by HomCD((c, d), (c′, d′)) = HomC(c, c′)⊗k HomD(d, d′).
3We only provide an intuitive definition of Bordor123. For all the technical details, see [23].
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• A 2-morphism is a 3-manifold-with-corners which is a cobordism between
the 1-morphisms. For example, the 3-manifold realizing the 2-morphism
(7) =⇒
may be visualized as the “fusing together” of the two cylinders over time.
• The monoidal structure is given by disjoint union and the symmetric monoidal
structure is given by the canonical ‘swap’ cobordisms.
In this paper, we adopt the following ‘profunctor’ definition of an oriented 1-2-3
TQFT (see Remark 5).
Definition 3. An oriented 1-2-3 TQFT is a symmetric monoidal pseudofunctor
(8) Z : Bordor123 → Prof .
Note that an alternative approach would be to define an oriented 1-2-3 TQFT
as a symmetric monoidal pseudofunctor
Z : Bordor123 → 2Vect
where 2Vect is the symmetric monoidal bicategory which has Cauchy-complete
Vect-enriched categories as objects, Vect-functors as morphisms, and natural trans-
formations as 2-morphisms4.
However, the two definitions are equivalent by the following lemma. Given a
Vect-enriched linear category C, we write Cˆ for its Cauchy completion (see [10]).
Lemma 4. There is a canonical equivalence of symmetric monoidal bicategories
2Vect ' Prof .
Proof. The functor
Prof → 2Vect
C 7→ Cˆ
yields the desired equivalence. This follows from
HomProf (C,D) ' HomProf (Cˆ, Dˆ) (because C ' Cˆ and D ' Dˆ in Prof)
' Hom2Vect(Cˆ, Dˆ) (because Dˆ is Cauchy complete)
where the last equivalence uses the fact that enriching over finite-dimensional vector
spaces means every profunctor in Prof has a right adjoint (by taking linear duals),
and hence is representable as a functor [10, Theorem 7.9.3]. 
Remark 5. The reason we adopt Prof as target is a geometric one. In this paper,
the category that the TQFT Z will assign to the circle S1 will be the ‘category
of boundary conditions’ BV(S1) (see [19]), which can be phrased purely in terms
of string nets (see Definition 19). However, BV(S1) is not a Cauchy complete
4See for instance [24, 9]. Note that the collection KV of Kapranov-Voevodsky 2-vector spaces
[17] (i.e. categories equivalent to Vectn for some n) forms a full monoidal sub-bicategory of 2Vect.
The properties of Bordor123 imply that Z(S
1) must be finitely semisimple [24, 9], so it makes no
difference if one uses KV or the bigger bicategory 2Vect as the target.
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category. In [19], Kirillov passes to the Cauchy completion B̂V(S1), and shows
that in general, B̂V(S1) ' Z(A) where A is the spherical fusion category used as
input and Z(A) is its Drinfeld centre5 (in our case, A = Vect[Z/2Z]). This makes
contact with the standard approach to extended 3-dimensional TQFT, where the
category assigned to S1 is Z(A).
However, passing to the Cauchy completion is less geometric as it requires us
to complicate the string diagram graphical calculus by incorporating projectors on
the boundary circles (this was the approach of [13]). By using profunctors, we can
remain entirely in the world of string nets and avoid the Drinfeld double entirely.
Since Bordor123 is very complicated, finding symmetric monoidal pseudofunctors out
of it is a difficult problem. In this paper, our approach to simplify the problem shall
be to make use of a presentation for G; a finite collection of data, generators and
relations, from which Bordor123 may be reconstructed.
Theorem 6. [8] The 3-dimensional oriented bordism bicategory Bordor123 admits
the following presentation.
• Generating object:
• Generating 1morphisms:
• Invertible generating 2-morphisms:
(9)
α
α-1
ρ
ρ-1
λ-1
λ
(10)
β
β -1
θ
θ-1
• Non-invertible generating 2-morphisms:
(11)
η
η†

†
(12)
ν
ν†
µ
µ†
The relations are as follows:
5Warning: in this paper B̂V(S1) is the Cauchy completion of BV(S1), whereas in [19] the
notation works the other way.
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• (Inverses) Each of the invertible generating 2-morphisms ω satisfies ω ◦ ω-1 = id
and ω-1 ◦ ω = id.
• (Monoidal) The generating 2-morphisms in (9) obey the pentagon and unit
equations:
(13)
α
ϕ
α
α
α
α
(14)
α
λρ
• (Balanced) The data (9) and (10) forms a braided monoidal object equipped
with a compatible twist:
(15)
α
β
α
β
α
β
(16)
θ
β2
θ
θ
(17) θ = id
Note that the second hexagon axiom is redundant in the presence of a
twist [16].
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• (Rigidity) Write φl for the following composite (‘left Frobeniusator’):
φl :=
η α 
(18)
The left rigidity relation says that φl is invertible, with the following explicit
inverse:
φ-1l = 
† α-1 η†(19)
Similarly, write φr for φl rotated about the z-axis (‘right Frobeniusator’):
φr :=
η α-1 (20)
The right rigidity relation says that φr is invertible, with the following ex-
plicit inverse :
φ-1r = 
† α η†(21)
• (Ribbon) The twist satisfies the following equation:
(22)
θ
=
θ
• (Biadjoint) The data (11) expresses as the biadjoint of , while (12)
expresses as the biadjoint of . That is, the following equations hold,
along with daggers and rotations about the x-axis:
ν µ
= id(23)
η 
=
id
(24)
These are 8 equations in total.
• (Pivotality) The following equation holds, together with its rotation about
the z-axis (25)z:
(25)
† µ† µ 
=
id
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• (Modularity) The following equation holds, together with its rotation about
the z-axis (26)
z
:
(26)
†
θ, θ-1

µ† µ
• (Anomaly-freeness) The following equation holds:
(27) 
† θ  = id
The generators have the following geometric interpretation:
• the generating object represents a circle;
• the generating 1-morphisms represent the 2-dimensional bordisms naively
suggested by the pictured surfaces, namely the pants, copants, cup, and
cap;
• the generating 2-morphisms α, ρ, λ, and their inverses represent invert-
ible 3-dimensional bordisms induced by the (boundary relative) ambient
isotopies suggested by the pictured surfaces;
• the generating 2-morphisms η†, , and µ† represent the bordism implement-
ing the addition of a 2-handle about the curves
(28)
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⌘ ✏
=
id
(16)
These are 8 equations in total.
• (Pivotality) The following equation holds, together with its rotation about
the z-axis (17)z:
(17)
✏† µ† µ ✏
=
id
We will often refer to the Monoidal, Balanced, Rigidity, and Ribbon relations
collectively as simply the Ribbon relations. The Pivotality axiom is so named
because it endows the bicategory F(R) with a pivotal structure; see Proposition 9
below.
Our results in this paper are purely algebraic; the connection to geometry comes
in the comparison with the bordism category in [? ]. Nonetheless, it is useful to
keep in mind he implicit ge metric realizations of ou bordisms, as follows:
i 2- orphis s ↵, ⇢,  , and their inverses represent invertible
3-dimensional bordisms induced by the (boundary relative)
.
generating 2-morphisms ⌘†, ✏, and µ† represent the bordism
mplementing the addition of a 2-handl about the curves
1
respectively; the 2-morphism ⌫† represents the bordism implementing the
addition of a 3-handle;
• the generating 2-morphisms   and ✓ represent the invertible 3-dimensional
bordisms arising as mapping cylinders of the following di↵eomorphisms:
  ✓
(19)
• for a 2-morphism   representing a particular bordism, the 2-morphism  †
represents the time-reversed bordism.
Definition 4. The modular presentation M is defined as the ribbon presentation
R, plus one extra relation:
i l ; i ν i i l i
i i l ;
i i β θ i i l i i l
i i i i li ll i iff i :
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Figure 1. An example of a multicurve on Σ subject
to the boundary value B consisting of a single point
on each of the upper boundary circles and no point on
the lower boundary circle.
• for a 2-morphism σ representing a particular bordism, the 2-morphism σ†
represents the time-reversed bordism.
Corollary 7. To give an oriented 1-2-3 TQFT Z, it suffices to give the following
data:
• (objects) A Vect-enriched category Z(S1);
• (1-morphisms) for any obejects A,B,C ∈ Z(S1), vector spaces6
(29) Z( )ABC Z( )
AB
C Z( )A Z( )
A
• (2-morphisms) and for each generating 2-morphism Σs κ==⇒ Σt, a linear
map
(30) Z(Σs)
Z(κ)−−−−→ Z(Σt),
such that all the relations are satisfied.
3. The String-net Space
In this section we take the general definition of the string-net space for a surface
with boundary (following [18]) and specialize it to the case of the toric code, where
various simplifications can be made.
Throughout this section, Σ denotes an oriented surface with boundary.
Definition 8. A boundary value for Σ is a finite subset B ⊂ ∂Σ.
Definition 9. Let B be a choice of boundary value for Σ. A multicurve on Σ
subject to B is a finite collection of disjoint smoothly embedded arcs and loops in
Σ, such that
(1) for any arc, each of its endpoints is an element of B;
(2) each point in B has an incident arc; and
(3) arcs meet ∂Σ transversely.
We write Curves(Σ;B) for the collection of all multicurves on Σ which are subject
to the boundary condition B.
See Figure 1 for a simple example.
Remark 10. It is easy to see that there exist no multicurves on Σ subject to B
when |B| is odd.
Definition 11. Let Σ be an oriented surface with boundary and B a boundary
value for Σ. Two multicurves Γ,Γ′ ∈ Curves(Σ;B) are equivalent if they differ by
a finite sequence of the following moves:
6These spaces are required to be functorial in the boundary labels.
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• (isotopy invariance)
(31) ∼
• (F-move7)
(32) ∼
• (loop contraction)
(33) ∼
We define the string-net space of Σ subject to B as
(34) H(Σ;B) := C[Curves(M ;B)/ ∼] .
Elements of Hstring(Σ;B) are called string-nets.
Remark 12. For brevity, we shall usually omit saying “subject to B” whenever
possible when referring to the string-net space.
Remark 13. Let Σ be an oriented surface with boundary, and let B0 be the empty
boundary condition. Then a multicurve on Σ subject to B0 is the same thing as a
1-cycle in homology with Z/2Z coefficients:
Curves(Σ;B0) = Z1(Σ,Z/2Z)
Moreover, two multicurves Γ,Γ′ are equivalent according to the moves (31)-(33)
precisely when they are homologous when considered as 1-cycles (see [15]). There-
fore,
Curves(Σ;B0)/ ∼ = H1(Σ,Z/2Z).
so that we can interpret the string-net space in terms of homology as
H(Σ;B0) = C[H1(Σ,Z/2Z)].
For other boundary conditions, it is less clear how to interpret the string-net space
in terms of homology (but see Lemma 26).
Remark 14. The string-net space is functorial with respect to diffeomorphisms
of surfaces. Let Σ and Σ′ be oriented surfaces with boundary, with boundary
conditions B and B′ respectively, and let γ : Σ → Σ′ be a diffeomorphism which
restricts to a bijection B → B′. If Γ is a multicurve on Σ subject to B, then γ(Γ)
is a multicurve on Σ′ subject to B′. Thus γ gives rise to an invertible push-forward
linear map
γ∗ : H(Σ;B)→ H(Σ′;B′).
See Corollary 29 for an application.
7The name “F-move” is traditionally used in physics for the associator data in a fusion category.
See [21].
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Remark 15. Given any spherical fusion category A, one can construct the string-
net space associated to an oriented surface Σ as the quotient of the vector space
of formal combinations of A-labelled graphs on Σ by the subspace spanned by null
graphs supported in a disk (see [18]):
(35) HA(Σ;B) = C[GraphsA(Σ;B)]/NullGraphsA(Σ)
The toric code corresponds to the case A = Vect[Z/2Z]. In this case, the general
definition (35) simplifies to (34), namely the free vector space on a set of equivalence
classes of multicurves, as opposed to a quotient of vector spaces of graphs.
Example 16. If Σ = S2 then any multicurve on Σ is a collection of loops, all of
whom contract to 1 since S2 is simply-connected. It follows that H(S2) ∼= C.
Example 17. The string-net space of the torus is
H(T ) = span
{
, , ,
}
.
Lemma 18 (Cloaking). Let the orange string be defined by
(36) = +
Then the relation
(37) =
holds in any string-net space, irrespective of the contents of the shaded region.8
Proof.
= +(38)
= +(39)
= + =(40)
8It may contain any subgraph and any number of holes or punctures.
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
We call Relation 37 above “cloaking”, since the presence of the orange loop
effectively cloaks the contents of the shaded region, allowing strings to pass over it
unperturbed. Cloaking will play an important role in the following section.
4. The Extended Toric Code
In this section we make use of Corollary 7 in order to define our desired extended
3-dimensional TQFT, which we denote by ZSN , based on string-nets.
4.1. The Objects. We require a Vect-enriched category to assign to the generating
object (i.e. the circle).
Definition 19. The category BV(S1) of boundary values9 is defined as follows:
• The objects of BV(S1) are finite subsets of S1.
• Given objects B and B′ of BV(S1), the space hom(B,B′) is defined to
be the string-net space H(S1 × [0, 1];B,B′) with the boundary value B at
S1 × {1} and B′ at S1 × {0}.
Composition in BV(S1) works by gluing the cylinders vertically and then rescal-
ing. The identity morphisms are string-nets where each point of B at the top of
the cylinder is connected by a vertical arc to the corresponding point of B at the
bottom.
Note that the category BV(S1) is not Cauchy complete. (In fact, its Cauchy
completion is the usual Drinfeld center of the category Vect[Z/2Z] of Z/2Z graded
vector spaces, which has 4 simple objects, but we do not adopt that viewpoint here.
See Remark 5.)
Lemma 20. Let B ∈ BV(S1) where |B| = k. Let B0 and B1 denote the objects
(41) B0 = and B1 =
Then in the category BV(S1), B is canonically isomorphic to B0 if k is even, and
B is canonically isomorphic to B1 if k is odd.
Proof. If k = 2n, then the string-net consisting of n cups at the top of the cylinder
is an isomorphim from B to B0.
10 This isomorphism is canonical since any two ways
of cupping off the 2n boundary points are equivalent under repeated application of
the F -move. If k = 2n+ 1, then the string-net consisting of n consecutive cups at
the top of the cylinder, followed by connecting the final point of B with the lone
point on B1, is an isomorphism from B to B1. This isomorphism is also canonical,
again due to the F -move. 
Remark 21. A useful consequence of Lemma 20 is that it suffices to define the
actions of the generating 2-morphisms on string-net spaces subject to boundary
conditions B0 or B1 on its boundary circles.
On objects we set
(42)
ZSN7−−−−→ BV(S1).
9This is a specialization of Definition 6.1 in [18]
10See figure 2 for an example when k = 2.
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Figure 2. A morphism in BV(S1) from the object
with two elements to the object with no elements.
4.2. The Generating 1-Morphisms. Below we specify the vector spaces as-
signed to the generating 1-morphisms. We define
ZSN
( )A
= H
(
;A
)
(43)
ZSN
( )
A
= H
(
;A
)
(44)
ZSN
( )A
B,C
= H
(
;A,B,C
)
(45)
ZSN
( )A,B
C
= H
(
;A,B,C
)
(46)
Here A, B, C ∈ {B0, B1}. In other words, the vector spaces assigned to the
1-generators are simply the string-net spaces on the surfaces naively suggested by
the pictures, along with the stated boundary conditions.
Next we investigate the vector spaces assigned to a composite of the generating
1-morphisms. Let Σ be such a composite, with m top (input) boundary circles
and n bottom (output) boundary circles, labeled by X1, . . . , Xm and Y1, . . . , Yn
respectively, with Xi, Yj ∈ {B0, B1} for each i and j. Then, according to Equation
4, we have
(47) ZSN (Σ)
X1,...,Xm
Y1,...,Yn
:=
⊕
L
⊗
σ
ZSN (σ)
/
∼
where the tensor product ranges over all 1-generators σ appearing in the decom-
position of Σ and the direct sum ranges over all possible labelings (with objects in
BV(S1)) of the internal boundary circles. Each vector spaces ZSN (σ) is computed
using the boundary conditions induced by L and the given boundary conditions on
the top and bottom boundary circles.
Unpacking Equation 47 we see that, in the string-net setting, the relation ∼ has
the following graphical description:
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(48)
Γ1
Γ2
Γ
X
X
Y
=
Γ
Γ1
Γ2
X
Y
Y
Here 〈Γ1〉 (resp. 〈Γ2〉) is a string-net local to a 1-generator σ1 (resp. σ2) ap-
pearing in Σ, with boundary value X (resp. Y ) on the displayed boundary circle.
Finally, 〈Γ〉 ∈ H( ;X,Y ).
In other words, the relation ∼ allows us to move string-net data living on σ1
“isotopically” through in the internal boundary circle to σ2, as though σ1 and
σ2 were actually glued together. If we let Σ̂ denote the surface obtained by gluing
together all the 1-generators in Σ along the internal boundary circles in the obvious
way, then ∼ suggests that elements of ZSN (Σ)X1,...,XmY1,...,Yn behave just like the string-
nets in H(Σ̂;X1, . . . , Xm, Y1, . . . , Yn). We prove this fact below.
Theorem 22. Let Σ and Σ̂ be defined as above (including the boundary values).
Then there is a canonical isomorphism
ZSN (Σ)
X1,...,Xm
Y1,...,Yn
∼= H(Σ̂;X1, . . . , Xm, Y1, . . . , Yn) .
Proof. We define a map
Ψ :
⊕
L
⊗
σ
ZSN (σ)
/
∼ −→ H(Σ̂;X1, . . . , Xm, Y1, . . . , Yn)
and demonstrate that it is an isomorphism. Fix a labeling L, and let Γσ be
a graph on σ (subject to the obvious boundary conditions) for each 1-generator
σ appearing in the decomposition of Σ. Then we define Ψ (
⊗
σ 〈Γσ〉) to be the
string-net on Σ̂ represented by the graph which looks like Γσ in each component σ,
where the graphs Γσ have been glued together along the internal boundary circles
in the obvious way.
Clearly, Ψ is well-defined and one-to-one, since two elements are equivalent under
∼ precisely when their images are equivalent under isotopy as well as the usual
string-net relations (which are local) inside each 1-generator σ. Finally, Ψ is onto
since any graph on Σ̂ may be perturbed via isotopy to be in general position with
respect to each internal boundary circle. 
In other words, ZSN assigns to Σ the string-net space on the surface naively
suggested by the composite pictures, subject to the given boundary conditions.
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4.3. The Generating 2-Morphisms. It follows from Lemma 20 that it suffices to
define the actions of the generating 2-morphims on 1-morphisms where the bound-
ary circles are labeled by B0 or B1. We therefore make this assumption throughout
the remainder of the paper. The assignment for the generating 2-morphisms are
split into two parts: the invertible ones and the non-invertible ones.
4.3.1. The invertible 2-generators. Recall that each invertible 2-generator arises as
the mapping cylinder of a diffeomorphism of the pictured surface. We therefore
define the action to be the pushforward of the string-nets along these diffeomor-
phisms, as in from Remark 14. We illustrate this with a few examples.
(49)
ZSN (α)7−−−−−→
(50)
ZSN (ρ)7−−−−−→
(51)
ZSN (β)7−−−−−→
(52)
ZSN (θ)7−−−−−→
4.3.2. The non-invertible 2-generators. We may divide the non-invertible 2-generators
into three groups, based on their surgery actions.11
• Removing a 2-handle (µ, η, and †). The first group consists of µ, η,
and †, each of which represent the bordism implementing the removal of
a 2-handle. That is, two disks are deleted and an annulus glued into their
place. The recipe for how this procedure acts on the string-net space is the
same in each case:
(1) Using isotopy, move all strings out of the area where the disks are to
be removed.
(2) Cut out the disks, and glue in the annulus.
(3) Add an orange loop along the center of the annulus.
Note that this action is locally defined. Let us demonstrate the above
procedure in “slow motion” for η:
(53)
move−−−→ cut−−→ glue−−→ loop−−−→
11See Equation 28.
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Remark 23. Note that, via the Cloaking lemma, the presence of the orange
loop removes the ambiguity in the manner in which strings are moved out
of the cutting area in the first step.
Below are some (global) examples showing how to use the (local) definition
above.
(54)
ZSN (η)7−−−−−→
(55)
ZSN (
†)7−−−−−→
(56)
ZSN (µ)7−−−−−→
• Adding a 2-handle (µ†, η†, and ). The second group of non-invertible
2-generators consists of µ†, η†, and , each of which represent the bordism
implementing the addition of a 2-handle. That is, an annular region of the
surface is excised and disks glued on in its place. Now because the annulus
has nonzero genus, it is not always possible to “evacuate” strings safely
before the annular region is removed. We interpret this as the trapped
strings getting cut. In terms of the relations, if there are an even number
of strings running through the annular region, then we cut by applying the
F-move repeatedly. If there are an odd number of strings running through
the annular region, then the string-net will get annihilated. We extend this
procedure linearly over sums of embedded graphs.
Below are some (global) examples showing how to use the (local) definition
above.
(57)
ZSN (µ
†)7−−−−−→
(58)
ZSN (η
†)7−−−−−→
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(59)
ZSN ()7−−−−−→ 0
• Removing and adding a 3-handle (ν and ν†). The final group, consist-
ing of ν and ν†, have source and target string-net spaces each isomorphic
to C, so in this case the actions are easier to guess.
(60)
ZSN (ν)7−−−−−−→ 12 ZSN (ν
†)7−−−−−−−→
The diagrams on the source and target (for ν or ν†) represent the trivial
string-nets on their respective spaces. The factor 12 appearing above is
difficult to motivate merely from the topology represented by ν - it is forced
upon us by the adjunction relations.
4.4. The Relations. Finally, we come to the main result in this section where we
show that, under the preceding definitions for the actions of the 2-generators, all
the relations of the presentation for Bordor123 are satisfied.
Theorem 24. The relations are satisfied, and hence ZSN defines a 1-2-3 TQFT
by Corollary 7.
The proof of the theorem above occupies the remainder of the section.
4.4.1. Monoidal. Each of these relations involve only actions which push string-
nets forward along a diffeomorphim isotopic to the identity. It follows that these
relations are trivially satisfied.
4.4.2. Balanced. Each of these relations also only involve pushing forward along
diffeomorphisms; that these diffeomorphisms commute follows from standard facts
about mapping class groups.12
4.4.3. Modularity. It follows trivially from the calculations in Section 5.1 that
H( ;B0 B0) = span
{
,
}
H( ;B1 B1) = span
{
,
}
H( ;B0 B1) = H( ;B1 B0) = {0}
We check that the relations are satisfied on the two relevant sets of basis vectors,
and then extend linearly to the full space.
12See [12].
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The “top” composites are
ZSN (
†)7−−−−−−→ ZSN (θ), ZSN (θ
-1)7−−−−−−−−−−−−→
= +
= +
ZSN ()7−−−−−−→ + =
ZSN (
†)7−−−−−−→ ZSN (θ), ZSN (θ
-1)7−−−−−−−−−−−−→
= +
= +
ZSN ()7−−−−−−→ +
= + =
ZSN (
†)7−−−−−−→ = +
ZSN (θ), ZSN (θ
-1)7−−−−−−−−−−−−→ + ZSN ()7−−−−−−→ 0
ZSN (
†)7−−−−−−→ = +
ZSN (θ), ZSN (θ
-1)7−−−−−−−−−−−−→ + ZSN ()7−−−−−−→ 0
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On the other hand, the “bottom” composites are
ZSN (µ
†)7−−−−−−−→ ZSN (µ)7−−−−−−→
ZSN (µ
†)7−−−−−−−→ ZSN (µ)7−−−−−−→
ZSN (µ
†)7−−−−−−−→ 0 ZSN (µ)7−−−−−−→ 0
ZSN (µ
†)7−−−−−−−→ 0 ZSN (µ)7−−−−−−→ 0
The corresponding pairs of composites are clearly equal.
Remark 25. Although we checked the modularity relation on each basis vector
we will, for brevity, check some of the remaining relations only on sample vectors
in the relevant source vector space.
4.4.4. Rigidity. The left Frobeniusator on a sample basis vector is given by the
composite
ZSN (η)7−−−−−−→ ZSN (α)7−−−−−−→ ZSN ()7−−−−−−→
which is clearly the inverse of the composite
ZSN (
†)7−−−−−−→ ZSN (α
-1)7−−−−−−−→ ZSN (η
†)7−−−−−−−→
The right Frobeniusator, and other cases, follows similarly.
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4.4.5. Pivotality. The composite
ZSN (
†)7−−−−−−→ = +
ZSN (µ
†)7−−−−−−−→ 0 +
ZSN (µ)7−−−−−−→ = +
ZSN ()7−−−−−−→ 0 +
clearly equals the identity
id7−−→ . Note that this calculation is fully general
since the sphere has a 1-dimensional string-net space.
4.4.6. Adjunction. For the adjunction between ν and µ, the equality
ZSN (ν)7−−−−−−→ 12
ZSN (µ)7−−−−−−→ 12 = id7−−→
holds since = + = 2 . The daggered version of the above is given
by
ZSN (µ
†)7−−−−−−−→ ZSN (ν
†)7−−−−−−−→ = id7−−→
The calculations above are once again fully general since the spaces involved are
1-dimensional.
For the adjunction between η and , on a sample basis vector, the equality
ZSN (η)7−−−−−−→ ZSN ()7−−−−−−→ = id7−−→
clearly holds. The daggered version of the above is given by
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ZSN (
†)7−−−−−−→ ZSN (η
†)7−−−−−−−→ = id7−−→
Other cases are similar.
4.4.7. Anomaly-freeness. The composite
ZSN (
†)7−−−−−−→ = +
ZSN (θ)7−−−−−−→ +
ZSN ()7−−−−−−→ 0 +
clearly equals the identity
id7−−→ . Note that this calculation is fully general
since the sphere has a 1-dimensional string-net space.
5. Example Calculations
In this section we demonstrate how to apply the string-net formalism we have
developed in this paper to carry out some standard TQFT calculations.
5.1. Dimension of string net spaces. Let Σg,n denote the oriented surface with
genus g and n boundary circles. In this section we compute the dimension of
H(Σg,n;B), where B is any admissable boundary condition. In the case of B0
boundary conditions, we can interpret the string-net space in terms of homology
(see Remark 13) and the dimension calculation is a standard result in algebraic
topology. It is nevertheless instructive to derive the same result here, for arbitary
boundary conditions, using only simple string-net arguments.
5.1.1. Reduction to B0 case. The following lemma shows that it is sufficent to
consider the case where each boundary component is coloured by B0. We leave the
proof to the reader.
Lemma 26. Let B be any boundary value on Σg,n, and let A be a collection of
disjoints arcs connecting the B1 coloured boundary components in pairs. Consider
the map
fA : H(Σg,n;B
n
0 )→ H(Σg,n;B)
Γ 7→ smoothing(Γ ∪A)
where by ‘smoothing’ we mean the resolution of any possible crossings introduced.
(There are two possibilities for smoothing a crossing but they are equivalent by the
F -move). Then fA is an isomorphism.
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As a simple example, we compute fA on the following string net:
(61)
−∪A7−−−→ smooth crossings7−−−−−−−−−−→
5.1.2. Dimensions for B0 boundary conditions. We work in stages, beginning with
the surfaces underlying the 1-generators, and then generalize to Σg,n via repeated
applications of Theorem 22.
The surface underlying the cup and cap is Σ0,1. In this case the string-net space is
very simple; one easily sees that
(62) H(Σ0,1;B0) = span
{ }
and H(Σ0,1;B1) = 0.
Note that Dim H(Σ0,1;B0) = 1 = 2
2·0+1−1. Next we proceed to the pants and
copants; the surface underlying these bordisms is Σ0,3. In this case there are only
two (up to diffeomorphism of Σg,n) admissible boundary conditions: B = B0 
B0 B0 and B′ = B0 B1 B1. In the first case, one can show that
(63) H(Σ0,3;B) = span
{
, , ,
}
In the second case, one likewise sees that
(64) H(Σ0,3;B
′) = span
{
, , ,
}
In either case, therefore, Dim H(Σ0,3) = 4 = 2
2·0+3−1.
For a composite surface we split the dimension calculation into two cases, that of
Σg,0 and Σg,n (for n ≥ 1). These can be built by repeatedly gluing Σ0,1 and Σ0,3
together:
Σg,0 =
... } g Σg,n =
...
. . .
} g
} n− 1
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This decomposition allows us to use Theorem 22 to compute Dim H(Σg,n, B).
Lemma 27. In the extended toric code, the dimension of the string net space is
DimH(Σg,n;B) =
{
22g, n = 0
22g+n−1, n ≥ 1
Proof. Using Theorem 22, one can show that
(65)
H(Σ1,2;B
2
0 ) = span

, , , , , , ,

So, for n ≥ 1, we can compute the dimension of Σg,n by the following procedure:
(1) Start with the cup (i.e. Σ0,1), whose string-net space is 1-dimensional, as
was shown above.
(2) Glue on g copies of Σ1,2. Each such iteration quadruples the dimension.
(3) Glue on (n− 1) copies of Σ0,3. Each such iteration doubles the dimension.
We conclude that DimH(Σg,n;B) = 2
2g+n−1 for n ≥ 1, independent of the bound-
ary condition B. In the case n = 0 we leave out step (3) and glue on a cap (i.e.
Σ0,1) to close the hole. This gluing leaves the dimension unchanged. 
5.2. Mapping class group action. Every 1-2-3 TQFT Z gives rise to a system
of mapping class group representations
ρΣg,n : Γ(Σg,n)→ Aut(Z(Σg,n))
where Σg,n is a closed surface of genus g with n boundary circles, and Γ(Σg,n) is
its mapping class group. For simplicity we focus here on closed surfaces (n = 0).
In contrast to other approaches of constructing TQFTs (surgery on links, or
state-sum models), the string-net model gives a very straightforward geometric way
to describe this mapping class group representation. The string-net must simply
be pushed forward along the diffeomorphism.
However, there is a caveat. In this paper we have not actually defined the string-
net TQFT geometrically, but rather combinatorially via generators-and-relations
(Sections 4.3.1 and 4.3.2). We therefore need the following lemma.
Lemma 28. The assignment in Sections 4.3.1 and 4.3.2 of linear maps to generat-
ing 2-morphisms of Bordor123, when evaluated on cobordisms arising as the mapping
cylinders of diffeomorphisms, is equal to the push-forward map along the diffeomor-
phism.
Proof. It suffices to check this on a system of generators for the mapping class
group Γ(Σg). Figure 3 shows the Humphries generators for Γ(Σg) as Dehn twists
ai about certain closed curves ci. We observe:
• The Dehn twists a0 and a1 correspond to the generating 2-morphism θ,
which indeed operates on string-nets via the push-forward map (see (52)).
• The Dehn twists a3, a5, . . . , a2g−1 correspond to the following composite of
generating 2-morphisms (see [8, Defn 21]):
(66)
 
I N
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Figure 3. The Humphries generators for Γ(Σg). Taken from [12].
In equation (66), we have also indicated the action of the associated com-
posite of linear maps on a representative string-net basis vector. We see
that the composite II indeed operates as the push-forward along one of the
Dehn-twists a3, a5, . . . , a2g−1. (This is also true for the action of II on the
other string-net basis vectors, as the reader will check).
• The Dehn twists a2, a4, . . . , a2g correspond to the following composite of
generating 2-morphisms (see [8, Defn 21]):
(67) o
In equation (67), we have also indicated the action of the associated com-
posite of linear maps on a representative string-net basis vector. We see
that the composite A indeed operates as the push-forward along one of the
Dehn-twists a3, a5, . . . , a2g−1. (This is also true for the action of A on the
other string-net basis vectors, as the reader will check).

Combining this with Remark 13 gives:
Corollary 29. On closed surfaces, the action of the mapping class group on the
toric code string-net space is equal to the push-forward on homology:
Z(γ) = γ∗ : C[H1(Σg,Z/2Z)]→ C[H1(Σg,Z/2Z)], γ ∈ Γ(Σg)
5.3. Invariants of lens spaces. Given relatively prime integers p, q ∈ Z, the lens
space L(p, q) is the 3-dimensional manifold obtained by gluing two solid tori T
and T ′ together along a diffeomorphism h : ∂T → ∂T ′ whose action on integral
homology is given by
h∗(α) = qα′ + pβ′
where α (resp. α′) is the meridian of T (resp. T ′) and β′ is the longitude of T ′ (see
[22]).
Now, the toric code is known to correspond to the finite group model TQFT
where G = Z/2Z. And, the invariant of a closed 3-manifold M in the finite group
model is simply a weighted sum of the principal G-bundles on M ,
Z(M) =
|Hom(pi1M,G)|
|G| .
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Since pi1(L(p, q)) = Z/pZ, we conclude that from the framework of counting prin-
cipal bundles,
(68) Z(L(p, q)) =
{
1 if p is even
1
2 if p is odd
We find it instructive here to rederive this result from our string-net framework.
We can create T in terms of our generating 2-morphisms as the composite † ◦ν,
and T ′ as the reversed composite ν† ◦ . Therefore, L(p, q) can be expressed in
terms of the generators as
(69) L(p, q) =
ν † hˆ  ν†
Here, hˆ is the composite of the generating 2-morphisms which represents the dif-
feomorphism h. The utility of the string-net framework is that to evaluate Z(hˆ)
it is not necessary to compute the composite hˆ: we can simply push-forward the
string-net along the diffeomorphism h, using Lemma 28. (This is in contrast to a
surgery-on-a-link description of the TQFT, where hˆ must be calculated. This is
not difficult but it does involve a continued fraction expansion, see [14, Section 3]).
Note that when we construct the solid torus T as † ◦ ν, the meridian α and
longitude β of T are given by
We can create T in terms of our generating 2-m phisms as the composite ✏†  ⌫,
and T 0 as the reversed composite ⌫†   ✏. Therefore, L(p, q) can be expressed in
terms of the generators as
(7) L(p, q) =
⌫ ✏† hˆ ✏ ⌫†
ere, hˆ is the co posite of the generating 2- orphis s hich represents the dif-
feo orphis h. he utility of the string-net fra e ork is that to evaluate (hˆ)
it is not necessary to co pute the co posite hˆ: e can si ply push-for ard the
string-net along the di↵eo orphis h, using Le a 1. ( his is in contrast to a
surgery-on-a-link description of the , here hˆ ust be calculated. his is
not di cult but it does involve a continued fraction expansion, see [?, Section 3]).
ote that hen e construct the solid torus T as ✏†   ⌫, the eridian ↵ and
longitude   of T are given by
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because α is the loop which contracts in T , not β. Therefore, evaluating (69) in
the string-net model, up to the application of Z(hˆ), gives
Z(L(p, q)) =
Z(ν)7−−−→ 1
2
Z(†)7−−−→ 1
2
 +
(70)
Z(hˆ)7−−−→
 +
(71)
where the symbolic string-net in the second term wraps p times around the longitude
of T ′. Hence, when we apply Z() to this term, p strands will need to be cut. If p is
odd, this will result in 0 as in (55), while if p is even, this will result in a collection of
loops via the F-move, which collectively evaluate to 1 via loop contraction. Hence,
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continuing the calculation,
Z(L(p, q)) = · · ·
Z()7−−−→ 1
2
(
+ δp,even
)
Z(ν†)7−−−−→ 1
2
(
+ δp,even
)
=
{
1 if p is even
1
2 if p is odd
reproducing (68).
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